In this paper we discuss the issue of geometric stiffening as it arises in the context of multibody dynamics.
Introduction
The issue of geometric stiffening, also referred to as dynamic stiffening, centrifugal stiffening and foreshortening has been a topic of many recent publications dealing with the dynamics of flexible bodies for applications to multibody systems. Kane et The existingcontroversyover the nature of geometric stiffening, the debate on " the correct"approach to model itand the seeming incongruityof the methods used to includethe effect in the motion equations--all of these have motivated us to review severalof the works on thissubject.In doing so,we have attempted to understand preciselyhow geometric stiffening isincorporatedinto the dynamics equationsin different approaches, what assumptions and approximations are made in the derivation, what motivated these and whether they are justified. This paper containsthe main results of our review.
Our startingpoint will be the landmark paper by Kane et al. I and the subsequent commentaries,s,6Followingthat,we give a thorough treatment of the works by Likins et al., T Vignerons and Kaza and Kvaternik9 and a summary of the relevantmaterialfrom the publications by Lips and Modi _°and Hughes and Fung.11 Section 4 contains the main results from Laskin et al., _2 Meirovitch 13'14 and Banerjee et al.. 4,1sIn reviewing the works of these researchers, we do not simply repeattheirderivations, nor do we includethe dynamics equationsdeveloped in these publications. Instead,we concentrateon the fundamental assumptions made in formulatingthe basicelements necessaryforderivingtheseequations,where the "formulation" ends when the development becomes a purely mechanical process.For instance,in the cases where dynamics equationsare derived via Hamilton's principle, we limitourselves to statingkineticand potentialenergy functions,and do not go through the procedure of applying the variational principle. This allowsus to compare the variousapproaches based on the fundamental physicalassumptions.
In additionto presentingthe key featuresof different procedures,making comparisons and establishing relationships between them, we alsoprovide clarifications and give some new insights.We conclude the paper with a discussionin which we disclosesome of the existing misconceptions,classify the approaches and comment on theirsuitability for multibody dynamics simulation. The base body can undergo arbitrary, but prescribed translational and rotational motion. The generality of the beam refers to the fact that its geometric and material properties are not assumed to be constant, but can vary along the length of the beam. In addition, Kane et al. do not make the common assumption that the elastic and centroidal axes coincide. As a result, their motion equations contain terms dependent on the components of the eccentricity vector, e2 and e3.
The formulation of equations in Ref. 1 differs from many existing procedures in several respects. First, it incorporates the effect of the transverse displacement on the axial displacement in the kinematic description of the deformation. This is achieved indirectly by expressing the distance along the deformed elastic axis as a nonlinear function of the transverse displacements with:
1+ ,aa/ + j da (1) 
Accordingly, the dynamics equations based on the above premise reprsent a model for the timeevolution of {s, u2, u3}, or rather, the corresponding discrete elastic coordinates. The "conventional approach" involves discretizing the orthogonal set of elastic displacements {ul, u2, ua}
j=l or in matrix form: 
The function
Up: as can be seen from (6), is quadratic in the spatial derivative of the 0s Thus, in order to illuminate the nature of this strain energy, we need to obtain stretch, _-_.
anexplicit expression for the stretchgradient.As notedpreviously, Eq.(7) providesthe proper form for s that should be employed in Ref. 1 . Abbreviating the notation, we rewrite (7) for s with:
Differentiating the above with respect to x we get:
and upon expansion of the first term, the required gradient takes the form:
Let us now introduce the axial strain e0,z_, where the 0 subscript signifies that it refers to the elastic axis. (Note that ul, u2 and u3 are defined in Ref. 1 
as translations
of points along the elastic axis only.) The strain e0,== can be expressed in terms of the elastic displacements with a well-established strain-displacement relation.
It has the following exact and nonlinear form:
With the above, the stretch gradient of Eq. (10) can be succinctly written as:
Before we continue,itisworthwhile to pointout that in allformulationsdealingwith the subjectof geometricstiffening inthe contextofmultibody dynamics, itisalways assumed, although not always stated,that the strainsare small, and specifically, e0,== << I. Therefore,we can make use of the Binomial Theorem to simplifyEq. (12) . Retaining the first two terms in the binomial expansion we get:
Finally, substituting for as from (13), the axial contribution to the strain energy function employed by Kane et al. takes the form:
with the axial strain given by the nonlinear Eq. (11).
At this point, it is appropriate to comment on the form of the strain energy employed by Hanagud and Sarkar in their formulation (Eq. (8) Our presentation is not a plain copy of Refs. 7, 8 and 9, as it is structured to make apparent the key features of the approaches taken in the three works, establish a relationship between them, as well as identify the particular contributions of each one. Towards this end, we present the results of these works in a common notation, which will also be employed throughout the rest of the paper. This notation is similar to that used in Ref. 1 with one major difference. We choose to denote the three orthogonal elastic displacements with symbols u, v and w. Thus, u now represents the axial elastic displacement measured along the x-axis of the reference frame, while v and w are the transverse elastic displacements.
Furthermore, these symbols are not restricted to the elastic axis, but represent elastic displacements of any point in the beam. This convention follows that used by Kaza and Kvaternik. 9
As already mentioned, the system considered in all three pubUcations I is a uniform elastic beam, with a symmetric cross-section, spinning at a constant angular speed _ about the z-axis of the reference frame. This system represents a special case of that treated by Kane et al., defined with: w3 = ft, wl = w2 = vl = v2 = v3 = 0, e2 = e3 = 0 as well as constant geometric and material
properties. The common features of the formulations _'s'9 are listed below.
(i)
(ii) ( iii)
The dynamics equations are constructed via Hamilton's principle.
The position of a generic point located at Ix,y, z] T in the undeformed beam is given by Ix + u,y + v,z + w] T, where v and w are functions of x and time only, that is u(x, y, z, t) = u(x, t) and similarly for v and w. As well, the transverse displacements are assumed constant in a cross-section, thus precluding torsional deformation.
The kinetic energy is calculated with: 
where we have used the standard definition Iz = ff y2 dy dz.
(iv) The potential energy is calculated with
l Likins et ai. also consider "Axial Beams."
wherecz_ denotes the axial strain at any point in the beam, and is given by a nonlinear expression:
(v) The dynamics equations are formulated for the continuous displacement variables, and accordingly take the form of partial differential equations.
There are two major differences between formulations presented in Refs. 7, 8 and 9. The first one relates to the form of the assumed axial displacement field. Likins et al. "expand" the axial displacement u with:
Vigneron, followed by Kaza and Kvaternik adopt a different form. Their axial displacement is given by Eqs. (2) and (la) in Refs. 8 and 9 respectively, which we write as:
In the above, u/ is the "displacement associated with the foreshortening effect", s In both references, this component of the axial displacement is specified as an explicit function of the transverse displacements: III. They retain only one term in the strain energy U among the additional third-and fourthorder terms which arise from the nonlinearities in the strain-displacement relation.
With the above assumptions, the kinetic and potential energy functions take the form:
where in accordance with the assumption II above, we have dropped the term in the strain energy which involves u0 only. These correspond to Eqs. (39) and (45) 
To proceed with the application of Hamilton's variational principle, Likins et al. assume that P is time-independent and can be approximated by its steady-state value.
In fact, for the particular problem of a beam rotating at a constant speed, the axial load P is the centrifugal load on the beam.
Furthermore, since the latter is a known function of the prescribed D, P can be calculated with: To conclude this section, we draw attention to some of the observations made by Kaza and Kvaternik.
They identify four different approaches for deriving linear or nonlinear equations of motion.
They are: (1) "the effective applied load artifice;" (2) the use of Newton's second law applied to the deformed configuration; 
the position of a point on the elastic axis is defined by [X, v, w] T where X = X(t), v = v(X, t) and w = w(X, t). (Note, the corresponding undeformed description is [x + u, v, w] T where u = u(x, t), etc.) Another distinct feature of Hughes and
where L* denotes the projection of the tip on the axial coordinate axis. We also note that by using L in the upper limit of the integral f(.)dg, Hughes and Fung implicitly assume that the beam is inextensible. A discussion of these will be given in §6 of the paper. At this point, we only note that they all account for the coupling between the transverse and axial deformations.
Indeed, it is exactly this phenomenon that causes stiffening of an elastic body under certain conditions.
The differences between the approaches lie in what we view as the mechanism for introducing the coupling effect into the formulation and accordingly, the stage in the derivation at which it is introduced. In the following two sections of the paper we discuss some of the other approaches that have been employed to account for the geometric stiffening in the dynamics equations of multibody systems. 
Here, P is nominal axial load on the beam and we have introduced the bymbol p to denote the axial load density.
To 
It is suggested that the above should provide a good approximation for the steady-state axial load in the case of rotational motions at low angular acceleration rates. Moreover, it allows for a closed-form solution of (38) for Uqs which can then be used as an input to their dynamics model. for Uqs in terms of v and w as in (22), nor any other expression.
As a consequence, uq_ appears in both generalized inertia and elastic forces.
Meirovitch
In his 1967 book, Meirovitch la includes a section on the effect of axial forces in the bending vibration of a bar, which as he states, cannot be ignored in some cases. In this section, Meirovitch derives an equation of motion for the transverse displacement of the beam by means of extended Hamilton's principle. Thus, expressions for kinetic energy T and work function W are developed.
The former takes the simple form used in planar bending vibration problems without the axial force. Rewritten in our notation, T specified in Ref.
13 is:
In evaluating the work function, he proposes to include the effect of the bending moment, the transverse (external) load and axial force. The first two are formulated in the same way as for the case without the axial force. To determine the "axial" work, the change in the horizontal projection of an element d_ is calculated. This differential of the foreshortening is expressed with:
pprox m t on os.,t f om t.o nom, l oxp ° ,o, or + Then, the work done by the axial force is:
It is worth to point out that in adopting the above formulation, Meirovitch makes a tacit assumption that the axial force is given as a known function of x and t.
In the more recent publication, TM Meirovitch derives a set of motion equations for a general flexible body in general motion.
These equations are written in terms of the rigidbody quasi-coordinates and the continuous elastic coordinates u, v and w. Their application to a systemmadeup of a rigid hub and a beam-like flexible appendage is illustrated.
He begins by assuming that the axial displacement can be ignored and therefore sets u = 0 apriori. The kinetic energy is derived in the standard manner and contains terms that are of second degree in the elastic variables.
The strain energy includes the standard second-order contributions due to bending in two directions as well as the contribution due to "shortening of the projection." The latter is expressed as
where p(x, t) is the axial component of the internal force density. We note that (43) can be directly compared to (42).
proposes to determine the force density p from the motion equation for the axial displacement u, which as we had mentioned is excluded from the dynamics model. Thus, he defines p as a sum of the terms in the u-equation, omitting terms that involve elastic displacements, as well as the control force density. The resultant expression for p is given by Eq. (29) In applying this procedure, they neglect elaStic terms in the velocity and acceleration distributions. Thus, the resultant inertia loads are expressed aS functions of rigid velocities and accelerations. First, we observe that the "nonlinear" strain energy of Eq. (45) is "exact" in the context of small strain deformation. Moreover, it can be rewritten in terms of displacement variables if one expresses stresses in terms of strains and then substitutes for strains in terms of displacements.
Following this procedure, one will obtain UNL in the form of third-and fourth-order terms in the displacement gradients. These were mentioned in our discussion of Hanagud and Sarkar's work.
It can be shown that Banerjee and Dickens' expression for the axial inertia force is equivalent to Meirovitch's axial component of the internal force density. The latter is given by our Eq. (44) and the former can be obtained from Eqs. 
If the transverse deformation v is expanded as in (3), then upon substitution, u I becomes: 
DF-2.

DF-3.
In this case, the foreshortening component of u is explicitly separated from u, in the axial displacement field. It may be specified in terms of v and w or left as a parameter to be defined by the user. Either case, however, involves making an approximation for ul, although in the first option it is "known" and quantified prior to deriving the motion equations.
Recall Employment of the stretch variable is unconventional, and certainly is not a common choice, if made at all. The main advantage of using this variable instead of u is that the strain energy retains its ("linear") quadratic form. However, the resulting expression for kinetic energy (or generalized inertia forces) is more complicated than that based on DF-1 and DF-2 descriptions.
As was demonstrated in the previous sections (at least we hope it was), it is a particular combination of the coordinates and the strain energy formulation that determines how the geometric stiffening is incorporated into the motion equations as well as, what form it appears in. Thus, we will now comment on the two strain energy formulations taken in combination with the different DF options and point out some of the advantages and/or disadvantages of the resulting approaches.
The main advantage of the SE-1 formulation of the strain energy for any description of the deformation field is that one is not required to make any additional assumptions or approximations.
SE-1/DF-1.
SE-1/DF-2.
In this approach, taken by Hanagud and Sarkar, the stiffening term appears in the motion equations through the strain energy and is a nonlinear function of elastic coordinates.
In particular, it can be factored into an (elastic)coordinate-dependent second-order stiffness matrix and a column vector of elastic coordinates.
As pointed out by Banerjee and Lemak, evaluation of this stiffness term requires that the stiffness matrix be updated at each time step in the simulation, which may be computationally costly. However, the update does not involve iterations, but is a simple functional evaluation. It should also be pointed out that this approach requires that the axial elastic equation be included in the dynamics model. This is likely to have an adverse effect on the computational efficiency of the simulation, since the axial deformation is usually a high-frequency component.
Finally, we note that the present method corresponds to the third approach identified by Kaza and Kvaternik and as they comment is "the one usually employed for a general three-dimensional rotating body." However, contrary to Kaza and Kvaternik's conclusion, we believe that it does not require special consideration, but is the most general. Moreover, this approach can be employed to extend the existing "small" deflection dynamics formulations to incorporate "large" deflection theories.
With this approach, the foreshortening term is always present in the kinetic energy expression and may or may not appear in the strain energy, depending on the additional This approach produces a linear geometric stiffening term via kinetic energy (or generalized inertia force). Compared to the SE-I/DF-1 option, it can be just as accurate, but not as general since the stretch variable can be defined only for a particular type of elastic bodies.
As was shown in §4.3, the SE-) formulation of the strain energy requires an approximation for the stress field in the body, and hence, in contrast to SE-1, is inherently approximate. Among the works presented in this paper, this formulation has only been used with the DF-1 description of the deformation field. In this case, the geometric stiffening term results from the "nonlinear" strain energy, as in Refs. To summarize, we believe that a description of the deformation field in terms of u, v, w combined with the displacement formulation of the strain energy is the most accurate and general approach.
It does not require an approximation of foreshortening, nor the stress state of the body--two critical advantages for applications to multibody systems. A definitive statement on the efficiency of this approach and how it compares to, for instance, Banerjee and Dickens' procedure can only be made through implementation of both methods. Moreover, we would expect the relative efficiency of the two formulations to vary depending on the complexity of the system and the number of elastic degrees of freedom in the model.
6
Concluding Remarks
In this paper, we presented an exposition of several approaches to model the geometric stiffening effect for dynamics simulation of flexible-body systems. Our review included 11 papers published in the period from 1973 to 1991. Although it does not represent a complete literature review of the works that have addressed this issue, it covers a wide range of formulations developed for the problem.
In reviewing these works, we have idenitified two key characteristics of the different methods which allowed us to put forward a general classification for them. We have also established the interrelationships between the various approaches, provided a number of clarifications and new interpretations and offered our opinions on their benefits. It is hoped that this work will contribute to a better understanding of the origin of geometric stiffening and how this effect can be incorporated into the dynamics model of a flexible body undergoing large rigid-body motion.
